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Abstract 

In this paper a new concept is called n-valued interval neutrosophie sets is given. The 
basic operations are introduced on n-valued interval neutrosophie sets such as; union, 
intersection, addition, multiplication, scalar multiplication, scalar division, truth- 
favorite and false-favorite. Then, some distances between n-valued interval 
neutrosophie sets (NVINS) are proposed. Also, we propose an efficient approach for 
group multi-criteria decision making based on n-valued interval neutrosophie sets. 
An application of n-valued interval neutrosophie sets in medical diagnosis problem is 
given. 
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1 Introduction 

In 1999, Smarandache [37] proposed the concept of neutrosophie set (NS for 
short) by adding an independent indeterminacy-membership function which 
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is a generalization of classic set, fuzzy set [45], intuitionistic fuzzy set [3] and 
so on. In NS, the indeterminacy is quantified explicitly and truth-membership 
(T), indeterminacy (I) membership, and false-membership (F) are completely 
independent and from scientific or engineering point of view, the NS operators 
need to be specified. Therefore, Wang et al [39] defined a single valued 
neutrosophic set (SVNS) and then provided the set theoretic operations and 
various properties of single valued neutrosophic sets and Wang et al. [40] 
proposed the set theoretic operations on an instance of neutrosophic set is 
called interval valued neutrosophic set (IVNS) which is more flexible and 
practical than NS. The works on single valued neutrosophic set (SVNS) and 
interval valued neutrosophic sets (IVNS) and their hybrid structure in theories 
and application have been progressing rapidly (e.g., [1,2,4-19,21,22,24-26,28- 
30,36,41,43]). Also, neutrosophic sets extended neutrosophic models in [13,16] 
both theory and application by using [27,31]. 

The concept of intuitionistic fuzzy multiset and some propositions with 
applications is originaly presented by Rajarajeswari and Uma [32-35]. After 
Ra]ara]eswari and Uma, Smarandache [38] presented n-Valued neutrosophic 
sets with applications. Recently, Chatterjee et al. [20], Deli et al. [18, 23], Ye et 
al. [42] and Ye and Ye [44] initiated definition of neutrosophic multisets with 
some operations. Also, the authors gave some distance and similarity 
measures on neutrosophic multisets. In this paper, our objective is to 
generalize the concept of n-valued neutrosophic sets (or neutrosophic multi 
sets; or neutrosophic refined sets) to the case of n-valued interval 
neutrosophic sets. 

The paper is structured as follows; in Section 2, we first recall the necessary 
background on neutrosophic sets, single valued neutrosophic sets, interval 
valued neutrosophic sets and n-valued neutrosophic sets (or neutrosophic 
multi sets). Section 3 presents the concept of n-valued interval neutrosophic 
sets and derive their respective properties with examples. Section 4 presents 
the distance between two n-valued interval neutrosophic sets. Section 5 
presents an application of this concept in solving a decision making problem. 
Section 6 concludes the paper. 



2 Preliminaries 

This section gives a brief overview of concepts of neutrosophic set theory [37], 
n-valued neutrosophic set theory [42,44] and interval valued neutrosophic set 
theory [40]. More detailed explanations related to this subsection may be 
found in [18,20,23,37,40,42,44]. 
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Definition 2.1. [37,39] Let X be an universe of discourse, with a generic element 
in X denoted by x, then a neutrosophic (NS) set A is an object having the form 

A = {< x: T a (x), I a (x), F a (x)>,x G X} 

where the functions T, I, F : X-» ] _ 0, l + [ define respectively the degree of 
membership (or Truth) , the degree of indeterminacy, and the degree of non- 
membership (or Falsehood) of the element x G X to the set A with the 
condition. 



-0 < T A (x) + I A (x)+ F a (x)< 3 + 

From philosophical point of view, the neutrosophic set takes the value from 
real standard or non-standard subsets of] _ 0, l + [. So instead of] -0, l + [ we need 
to take the interval [0, 1] for technical applications, because ]~0, l + [will be 
difficult to apply in the real applications such as in scientific and engineering 
problems. 

For two NS, A ns ={ <x , T a (x) , I A (x), F a (x)> | x G X } 

andfl ws ={ <x , T b (x) , I B (x), F b (x)> | x G X } the two relations are defined as 
follows: 



(IMivs E Bns if and only if T a (x) < T B (x) ,I A (x) > I B (x) ,F a (x) > 
F b (x) 

(2)A ns = B ns if and only if, T A (x) =T B (x) ,I A (x) =I B (x) ,F A (x) 
=F b (x) 

Definition 2.2. [40] Let X be a space of points (objects) with generic elements 
in X denoted by x. An interval valued neutrosophic set (for short IVNS) A in X 
is characterized by truth-membership function T A (x) , indeteminacy- 
membership function I A (x) and falsity-membership function F A (x). For each 
point x in X, we have that T A (x), I A (x), F A (x) c [0, 1], 

For two IVNS 

^IVNS = {<x, [inf ^(x), sup T A (x)], 

[inf l\ (x) , sup l\ (x)], [inf Ff (x) , sup Ff (x)] >:x G X} 

and 

^1VNS = ( <x / 

inf T% (x) , sup T%(x)],[ inf /J (x), sup /| (x)], [inf F% (x) , sup Fj (x)] > : 
x G X} 

Then, 

1. A ivns Q Fjvns if an< ^ only if 
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infF^(x) < inf Fg(x), supF^(x) < sup Fg(x), 
inf lf(x) > inf7g(x), supTj(x) > sup7g(x), 
infF^(x) > inf Fg(x), supF^(x) > sup Fg(x), 

for all x 6 X. 

2. ^4ivns = ^ivns if and only if, 

inf Tf (x) = inf Fg (x), sup Tf(x) — sup Fg(x), 
inf lf(x) — inf/g (x), sup lf(x) — sup 7g(x), 
infF^(x) = inf Fg(x) ; supF^(x) = sup Fg(x), 

for any x 6 X. 

3. j4ivns C= {x, [infF^(x) , sup Ff (x)], [1 - sup I fix) ,1-inf If(x)], 

[inf Tf (x) , sup Tf(x )] : x G X} 

4. A w NS n S IVNS ={<x, [inf 7^ (x) A infFj(x) , sup Tf(x) A sup Fj(x)], 

[inf/J(x) V inf/g(x) , sup 7{(x) V sup7g(x)], 

[infF^(x) V infFg(x) ,sup F^(x) V sup Fg(x)]>: x 6 X} 

5. A w NS U 5 ivns ={<x, [infFi(x) V infFj(x) ,sup Tf(x) V supFj(x)], 
[inf If (x) A inf if (x) , sup 7j (x) A sup if (x)], 

[infF^(x) A infFg(x) ,sup F^(x) A sup Fg(x)]>: x G X} 

6' -^ivnsV 

£ivNS-{ <x <[ m in{infF^(x), infFj(x)} , min{sup Tf(x), sup Ff(x)} ], 
[max(inf lf(x), 1-sup 7g(x)), max(sup 7^(x), 1-inf 7g(x))], 
[max(infF^ (x), inf Fg(x)), max(sup F^(x), sup Fg(x))]>: x G X} 

7. ^ivns+ ^ivns ={<x / [min(infF 4 1 (x) + infFj(x), 1) , min(sup Tf (x) + 
SU P Fg (x), 1) ], 

[min(inf7j(x) + inf7g(x), 1) , min(sup 7|(x) + sup 7g(x), 1) ], 
[min(infF^(x) + infFg(x), 1) , min(sup F^f(x) + supFg(x), 1)] > 
: x G X}, 

8. 7l I vNs a= { < X/[niin(inf Tf(x). a ,1) , min(sup Tf(x). a ,1)], 
[min(inf7j(x). a ,1) , min(sup lf(x). a ,1)], 

[min(infF^(x).a ,1) , min(supF^(x).a ,1)], 
[min(inf7j(x).a,l),min(sup7j(x).a,l)] >: x G X}, 

9. ^ IV Ns/a = { < x,[min(infF 4 1 (x)/a,l),min(supF 4 1 (x)/a,l)], 

[min(inf if (x)/ a ,1) , min(sup If (x) / a ,1)], 
[min(infF^(x)/ a,l),min(supF^(x).a,l)] > : x G X}, 

10. A -A IV ns ={<x,[min(infF 4 1 (x) + infTj(x), 1) ,min(sup Tf(x) + 
sup 7g(x), 1) ], [0,0], 

[infF^(x) , sup Ff (x)] >: x G X}, 

11. Vi4 IVN s ={<x,[infF 4 1 (x),supF 4 1 (x)], [0,0], 
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[min(infF^(x) + inf/J(x), l),min(supF^(x) + 
sup /g(x), 1) ] > : x G X} 

Definition 2.3. [20,42] Let E be a universe. A n-valued neutrosophic sets on E 
can be defined as follows: 

A = (<x,(Tl (x),T| (x),...,TP (x)), (Ia(x),Ia(x),-,Ia(x)), 

(Fi(x),Fi(x) Fj(x))>: x G X} 

where 



Ta (x),T| (x),...,T^ (x), I a ( x ) , I a ( x ) , . . I a ( x ) , Fi(x) f F^(x),...,Fj(x): E^ 

[0 ,1] such that 

0< T^(x) +Ia(x) +Fa(x) <3 for i=l, 2,...,p for any xG X, 

Here, (Ta(x),T|(x),...,TJ(x)), (li(x),l|(x),...,lP(x)) and (Fi(x),Fji(x),...,Fj(x)) 

is the truth-membership sequence, indeterminacy-membership sequence and 
falsity-membership sequence of the element x, respectively. Also, P is called 
the dimension of n-valued neutrosophic sets (NVNS) A. 



3 N-Valued Interval Neutrosophic Sets 

Following the n-valued neutrosophic sets (multiset or refined set) and interval 
neutrosophic sets defined in [20,38,42,44] and Wang et al. in [40], respectively. 
In this section, we extend these sets to n-valued interval valued neutrosophic 
sets. 

Definition 3.1. Let X be a universe, a n-valued interval neutrosophic sets (NVINS) 
on X can be defined as follows: 

a - r A infr i( x ) , sup Tf{x)], [infr|(x) , sup Tf(x)], ... A 
*' V [inf 7 r l (x) , sup Tf (x)] / 

/ [inf 1 1 (x) , sup 1 1 (x)], [inf l\ (x) , sup l\ (x)], .... A 

V M (a ( x ), sup /a(x)] / 

[inf F} (x), sup Ff (x)] , {[inf Ff{x), sup F% (x)], ..., 

([inf FJC (x), sup Ff (x)]): x G X) 

where 

inf T^(x),inf T^(x),..., inf T^CxXinf I^(x),inf l|(x),...,inf I^(x),inf 
Fa ( x ), inf Fl(x),...,inf F^(x), sup T^(x), sup T^(x),..., sup T^(x), 
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sup Ia(x)/ sup l|(x),...,sup lj[(x), 
sup Fi(x), sup F|(x),...,sup F£(x)e[0, 1] 

such that 0< supT^(x) +supl\(x) +supF\(x) <3, V i=l, 2,..., p. 

In our study, we focus only on the case where p=q=r is the interval truth- 
membership sequence, interval indeterminacy-membership sequence and 
interval falsity-membership sequence of the element x, respectively. Also, p is 
called the dimension of n-valued interval (NVINS) A. Obviously, when the 
upper and lower ends of the interval values of T^(x), I\(x), F\(x) in a NVINS 
are equal, the NVINS reduces to n-valued neutrosophic set (or neutrosophic 
multiset proposed in [17,20]). 



The set of all n-valued interval neutrosophic set on X is denoted by NVINS(X). 

Example 3.2. Let X={x 1; x 2 ) be the universe and A is an n- valued interval 
neutrosophic sets 



A= { <x 1 ,{[.l, .2], [.2, .3]}, {[.3, .4], [.1, .5]}, {[.3, .4], [.2, ,5]}> 
<x 2 ,{[.3, .4], [.2, .4]}, {[.3, .5], [.2, .4]},{[.l, .2], [.3, ,4]}>) 



Definition 3.3. The complement of A is denoted by A c and is defined by 

A c - (x, ( [infF 4 1 (x),supF 4 1 (x)] ,([infF 4 2 (x),supF 4 2 (x)],...„ 

([inf Ff(x), sup F/(x)]), 

/[I - sup If (x) , 1 - inf If (x)], [1 - sup If (x) , 1 - inf if (x)], .... A 
\ [l - sup if (x) , 1 - inf If (x)] ) ’ 

([inf Tf (x) , sup Tf (x)], [inf Tf(x) ,supTf(x )], ..., 

[inf Tf (x) , sup Tf (x)] ):x£ A}. 

Example 3.4. Let us consider the Example 3.5. Then we have, 

A c - { <X 1 ,{[.3,.4],[.2,.5]},{[.6,.7],[.5,.9]},{[.1,.2],[.2,.3]}>, 

<x 2 ,{[.1,.2],[.3,.4]},{[.5,.7],[.6,.8]},{[.3,.4],[.2,.4]}>) 

Definition 3.5. For V i=l, 2,...,p if infT^(x) = supT^(x) =0 and inflX(x) 
= sup I a(x) = infF\(x) = supF\(x)=l, then A is called null n-valued interval 
neutrosophic set denoted by <t>, for all x G X. 



Example 3.6. Let X={x l7 x 2 ) be the universe and A is an n-valued interval 
neutrosophic sets 



ch= { < Xl ,{[0, 0], [ 0, 0]},{[1, 1], [1, 1] },{[1, 1], [1, 1]}>, 
<x 2 ,{[ 0, 0], [ 0, 0]},{[1, 1], [1, !]},{[!, 1], [1, !]}>}. 
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Definition 3.7. For V i=l,2,...,p if infT^(x) = supT^(x) =1 and 
inf I^(x)=sup I\(x)=inf F\(x) =sup F\(x)=0, then A is called universal n-valued 
interval neutrosophic set denoted by E, for all x G X. 

Example 3.8. Let X={x l7 x 2 } be the universe and A is an n-valued interval 
neutrosophic sets 

E= { <x lf { [1, 1], [1, 1] },{[0, 0], [0, 0] },{[0, 0], [0, 0]}>, 

<x 2 { [1, 1], [1, 1] },{[0, 0], [0, 0] },{[0, 0], [0, 0]}>}. 

Definition 3.9. A n-valued interval neutrosophic set A is contained in the other 
n-valued interval neutrosophic set B, denoted by Acb, if and only if 

infT^(x) < inf'Tg(x), infF|(x) < infFj(x),..., inf'Tf(x) < 
inf Tg (x), 

supF^(x) < supFj(x), supF|(x) < sup Fj(x),..., supFj(x) < 
sup T B P (x), 

inf /J(x) > inf/g(x), inf /|(x) > inf/J(x),..., inf/ p (x) > inf/ B (x), 
sup/j(x) > sup/ B (x), sup /|(x) > sup /J(x),..., sup/ p (x) > 
sup /g (x), 

infF^(x) > inf Fg(x), infF|(x) > infFj(x),..., infF^ p (x) > 
inf Fg P (x), 

sup Ff (x) > sup Fg (x), sup F|(x) > sup Fj(x),..., sup F (x) > 
sup F^ 3 (x) 

for all x G X. 

Example 3.10. Let X={x x , x 2 } be the universe and A and B are two n-valued 
interval neutrosophic sets 

A= { <x 1 ,{[.l, .2], [.2, .3]}, {[.4, .5], [.6, .7]}, {[.5, .6], [.7, ,8]}>, 

<x 2 ,{[.l, .4],[.l, .3]}, {[.6, .8], [A, .6]}, {[.5, .6], [.6, .7]}>} 

and 



B= { <x 1 ,{[.5 J .7], [A, ■ 5]},{[.3,.4],[.1,.5]},{[.3,.4],[.2,.5]}>, 
<x 2 ,{[.2, .5], [.3, .6]}, {[.3, .5],[.2,.4]},{[.l, .2], [.3, ,4]}>} 



Then, we have AEB. 



Definition 3.11. Let A and B be two n-valued interval neutrosophic sets. Then, 
A and B are equal, denoted by A= B if and only if A c B and Be A. 

Proposition 3.12. Let A, B, C GNVINS(X).Then, 

1. 0cA 

2. Ac A 
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3. ACE 

4. ACB and B£C -»A Q C 

5. K=L and L=M^ K — M 

6. Kcl and Lck^ K — L. 



Definition 3.13. Let A and B be two n-valued interval neutrosophic sets. Then, 
intersection of A and B, denoted by AnB, is defined by 

AnB={<x,([inf7^(x) A infFg(x) , sup Tf (x) A 
sup 'Tg(x)], [infF|(x) A infFj(x) , sup F|(x) A 
sup r|(x)], [infrj (x) A inf Tf(x ) , sup Tf (x) A 

sup Tf (x)]),([inf/J(x) V inf/|(x) , sup l\(x) V 
sup if (x)], [inf I % (x) V inf /J (x) , sup if (x) V 

sup /J (x)], , [inf if (x) V inf I f (x) , sup if (x) V sup if (x)]), 

([infF^(x) V infFg (x) , sup F^(x) V supFg(x)], [infF|(x) V 
inf F| (x) , sup Ff (x) V sup Fj (x)], ... , [inf Ff ( x ) V 
inf Ff ( x ) , sup F/ ( x ) V sup Ff (x)])>: x G X} 

Example 3.14. Let U={x 1 , x 2 } be the universe and A and B are two n-valued 
interval neutrosophic sets 



A= { <x 1 ,{[.l, .2], [.2, .3]}, {[.4, .5], [.6, .7]}, {[.5, .6], [.7, ,8]}> 
<x 2 ,{[.l, .4], [.1,.3]},{[.6, .8], [.4, .6]}, {[.3, .4], [.2, ,7]}>} 



and 



Then, 



B= { <x 1 ,{[.3, .7], [.3, .5]}, {[.2, .4], [.3, .5]}, {[.3, .6], [.2, ,7]}> 
<x 2 ,{[.3, .5], [.4, .6]}, {[.3, .5], [.4, .5]}, {[.3, .4], [.1, ,2]}>} 



AnB={<x 1 ,{[.l,.2],[.2,.3]},{[.4,.5],[.6,.7]},{[.5,.6],[.7,.8]}>, 

<x 2 ,{[.1,.4],[.1,.3]},{[.6,.8],[.4,.6]},{[.3,.4],[.2,7]}>} 



Proposition 3.15. Let A, B, CGNVINS(X). Then, 



1. AnA=A 

2. AlT 0 = 0. 

3. AnE=A 

4. AnB= BnA 

5. (An B) n C = A n (B n C). 



Proof. The proof is straightforward. 



Definition 3.16. Let A and B be two n-valued interval neutrosophic sets. Then, 
union of A and B, denoted by AUB, is defined by 
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AUB = {x,<( [influx) V inf'Tg(x) , sup T}(x) V 
sup 'Tg(x)], [infF|(x) V infFj(x) , sup Tf(x) V 
supFj(x)], ..., [infrj(x) V inf 7^ (x),supF/(x) V 

sup Tg (x)]) ; ([inf/J(x) A inf/|(x) , sup / J(x) A 
sup /g (x)], [inf 7| (x) A inf /J (x) , sup 7| (x) A 

sup /J (x)], ... , [inf 7 P (x) A inf 7 P (x) , sup if (x) A sup 7f (x)]), 
([infF^(x) A inf F# (x) , sup Ff (x) A sup Fg(x)], [infF^(x) A 
infFj(x) ,sup F|(x) A supFj(x)], ■■■, [inf (x) A 
inf Fg (x) , sup F/ (x) A sup Ff (x)])>: x G X} 

Proposition 3.17. Let A, B, C G NVINS(X).Then, 

1. AUA=A. 

2. AU 0 = A. 

3. AUE=E. 

4. AUB= BUA. 

5. fAUB) U C - A U (B U C). 

Proof. The proof is straightforward. 

Definition 3.18. Let A and B be two n-valued interval neutrosophic sets. Then, 
difference of A and B, denoted by A \B, is defined by 

A\B={x,([min{infF^(x),infFg(x)} ,min{sup 7^(x),sup Fg(x)} ], 
[min{inf Tf (x), inf Fj (x)} , min{sup Tj (x), sup Fj (x)} ],..., 
[min{infFj (x), inf Ff (x)} , min{sup Tf (x), sup Ff (x)} ]),([max(inf 
lf(x), 1-sup /|(x)),max(sup/J(x),l- 
inf/g(x))],[max(inf/|(x),l-sup/|(x)),max(sup/|(x), 1-inf 
/| (x))],...,[max(inf7 p (x),l-sup7 p (x)),max(sup7^ (x),l- 
inf7g(x))]),([max(inf F^(x),infTg(x)), max(sup F^(x), 
supFg(x))], [max(inf F| (x),infT f (x)), 

max(supF|(x),SupFj(x))],..., [max(inf F% (x),infTg (x)), max(sup 
Fa (x)» supF p (x))]): x G X} 



Example 3.19. Let X= {x 1( x 2 } be the universe and A and B are two n-valued 
interval neutrosophic sets 



A= { <x 1 ,{[.l, .2], [.2, .3]}, {[.4, .5], [.6, .7]}, {[.5, .6], [.7, ,8]}>, 
<x 2 ,{[.l, .4], [.1, .3]}, {[.6, .8], [.4, .6]}, {[.3, .4], [.2, ,7]}>} 



and 



B= { <x 1 ,{[.3, .7], [.3, .5]}, {[.2, .4], [.3, .5]}, {[.3, .6], [.2, ,7]}>, 
<x 2 ,{[.3, .5], [.4, .6]}, {[.3, .5], [.4, .5]}, {[.3, .4], [.1, ,2]}>} 



Then, 
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A\B={ <x lf {[.l, .2], [.2, .3]}, {[.6 ,.8], [.6, .7]}, {[.5, . 7 ], [.7, ,8]}> 
<x 2 ,{[.l, .4], [.1, -2]},{[.6,.8], [.5, .6]}, {[.3, .5], [.4, 7]}>} 



Definition 3.20. Let A and B be two n-valued interval neutrosophic sets. Then, 
addition of A and B, denoted by A +B, is defined by 

A+ = {<x,([min(infF^(x) + infF# (x), 1) ,min(sup F^(x) + 
sup 7b(x), 1) ], 

[min (influx) + infFj(x), 1) , min(sup F|(x) + 

sup T|(x), 1) ],...,[min(infrj(x) + infF/ (x), 1) , min(sup Fj (x) + 

sup F p (x), 1) ]) 

([min(inf/|(x) + inf/^(x), 1) ,min(sup/J(x) + 
sup/g(x), 1) ], [min(inf/f (x) + inf/|(x), l),min(sup/|(x) + 
sup /J(x), 1) ],...,[min(inf (x) + inf Tg (x), 1) , min(sup Fj (x) + 
sup Tg (x), 1) ]),([min(infF^(x) + infFg(x), 1) , min(sup F^(x) + 
sup Fg (x), 1) ], [min(inf F| (x) + inf Fj (x), 1) , min(sup F| (x) + 
sup F|(x), 1) [min(inf F^ p (x) + infF B p (x), 1) , min(supF^ p (x) + 
sup Fg (x), 1) ]>: x G X }. 



Example 3.21. Let X={x 1; x 2 } be the universe and A and B are two n-valued 
interval neutrosophic sets 



A= { <x 1 ,{[.l, .2], [.2, .3]}, {[.4, .5], [.6, .7]}, {[.5, .6], [.7, ,8]}> 
<x 2 ,{[.l, .4], [.1, .3]}, {[.6, .8], [.4, .6]}, {[.3, .4], [.2, ,7]}>} 



and 



then, 



B= { <x 1 ,{[.3, .7], [.3, .5]}, {[.2, .4], [.3, .5]}, {[.3, .6], [.2, ,7]}> 
<x 2 ,{[.3, .5], [.4, .6]}, {[.3, .5], [.4, .5]}, {[.3, .4], [.1, ,2]}>} 



<x 2 ,{[.4,.9],[.5,.9]},{[.9,1],[.8,1]},{[.6,.8],[.3,9]}>}. 
Proposition 3.22. Let A, B, C G NVINS(X).Then, 

1. A+B=B+A. 

2. (A+B)+C = A+(B+C). 



Proof. The proof is straightforward. 



Definition 3.23. Let A and B be two n-valued interval neutrosophic sets. Then, 
scalar multiplication of A, denoted by A Fa, is defined by 



A. a = (x, ([min(infF^(x).a,l),min(supF^(x).a,l)], 



min (inf F|(x) . a , 1) , 
min (sup Tf (x). a ,1) 
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,...,[min(inf T% (x). a ,1) , min(sup 7/ (x). a ,1)]), 

([min(inf/J(x).a ,1) , min(sup/J(x).a,l)], 

[min(inf /| (x). a ,1) , min(sup /|(x). a ,1)],..., 

[min(inf (x). a ,1) , min(sup 1% (x). a ,1)]); 

([min(inf F}(x). a ,1) , min(sup Ff(x). a ,1)]; 

[min(inf/J(x). a ,1) , min(sup l\(x). a ,1)],..., 
[min(inf/^(x).a,l),niin(sup/^(x).a,l)]) : x G X}. 

Example 3.24. Let X={x 1; x 2 } be the universe and A and B are two n-valued 

interval neutrosophic sets 



A= { <x 1 ,{[.l, .2], [.2, .3]}, {[.4, .5], [.6, .7]}, {[.5, .6], [.7, ,8]}>, 
<x 2 ,{[.l, .4], [.1, .3]}, {[.6, .8], [.4, .6]}, {[.3, .4], [.2, ,7]}>} 



and 



then, 



B= { <x 1 ,{[.3, .7], [.3, .5]}, {[.2, .4], [.3, .5]}, {[.3, .6], [.2, ,7]}> 
<x 2 ,{[.3, .5], [.4, .6]}, {[.3, .5], [.4, .5]}, {[.3, .4], [.1, ,2]}>}, 



A72 = { <x 1 ,{[.2, .4] ,[.4 ,.6]}, {[.8, 1],[1, 1]},{[1, 1],[1, 1]}>, 
<x 2 ,{[.2,.8],[.2, ,6]},{[1, 1],[.8, 1]},{[.6, .8], [.4, !]}>} 



Proposition 3.25. Let A, B, C G NVINS(X). Then, 

1 . ArB=B7A 
Z (A7 : B)rC = Ar(BZC) 



Proof. The proof is straightforward. 



Definition 3.26. Let A and B be two n-valued interval neutrosophic sets. Then, 
scalar division of A, denoted by A / a, is defined by 

A/ a={x,[min(inf7^(x)/a ,1) , min(sup 7^(x)/a ,1)], 

[min (influx) /a ,1) , min(sup 7|(x)/ a ,1)] 

,...,[min(infrf(x)/ a,l),min(sup7f (x)/ a ,l)]),([min(inf/|(x)/ 
a ,1) , min(sup l\(x)/ a ,1)], [min (inf /^(x)/ a ,1) , min(sup /f(x)/ 
a ,l)],...,[min(inf 1 V A (x)/a ,1) , min(sup 1% (x)/ a ,1)]), 

[[min(inf Ff (x)/ a ,1) , min(sup Ff (x). a ,1)]], [min(inf Ff (x) / 
a,l),min(supF|(x)/ a,l)], ...,[min(inf/^(x)/ 
a ,1) , min(sup /^(x)/ a,l)])= x G X}. 



Example 3.27. Let X={x 1; x 2 } be the universe and A and B are two n-valued 
interval neutrosophic sets 
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A= { <x 1 ,{[.l, .2], [.2, .3]}, {[.4, .5], [.6, .7]}, {[.5, .6], [.7, ,8]}> 
<x 2 ,{[.l, .4], [.1, .3]}, {[.6, .8], [A, .6]},{[.3, .4], [.2, ,7]}>} 



and 



then, 



B= { <x 1 ,{[.3, .7], [.3, .5]}, {[.2, .4], [.3, .5]}, {[.3, .6], [.2, ,7]}> 
<x 2 ,{[.3, .5], [.4, .6]}, {[.3, .5], [.4, .5]}, {[.3, A ], [.1, ,2]}>}, 



A/~2= { <x 1 ,{[.05, .1], [.1, .15]}, {[.2, .25], [.3, .35]}, {[.25, .3], [.35, ,4]}>, 
<x 2 ,{[.05,.2], [.05, .15]}, {[.3, .4], [.2, .3]}, {[.15, .2], [.1, ,35]}>} 



Definition 3.28. Let A and B be two n-valued interval neutrosophic sets. Then, 
truth-Favorite of A, denoted by aA, is defined by 

AA ={x,{[min(inf7}}(x) + inf l\{x), 1) , min(sup T}(x) + 

sup Ig(x), 1) ], [min (influx) + inf/|(x), 1) , min(sup Tf (x) + 

sup/|(x), 1) ],...,[min(inf7}f (x) + inf/^(x), 1) , min(sup (x) + 

sup 1% (x), 1) ]) ,{[0,0], [0,0] [0,0]}, 

{[infF^(x) , sup F} (x)], [infF^x) , sup (x)],..., 

[inf Fj* (x) , sup Fj 1 (x)]): x G X } 



Example 3.29. Let X={x x , x 2 } be the universe and A and B are two n-valued 
interval neutrosophic sets 



A= { <x lf {[.l, .2], [.2, .3]}, {[.4, .5], [.6, .7]}, {[.5, .6], [.7, ,8]}> 
<x 2 ,{[.l, .4], [.1, .3]}, {[.6, .8], [.4, .6]}, {[.3, .4], [.2, ,7]}>} 



and 



Then, 



B= { <x lf {[.3, .7], [.3, .5]}, {[.2, .4], [.3, .5]}, {[.3, .6], [.2, ,7]}>, 
<x 2 ,{[.3, .5], [.4, .6]}, {[.3, .5], [.4, .5]}, {[.3, .4], [.1, ,2]}>} 



AA= { <x 1( {[.5, .7], [.8, 1]},{[0, 0],[0, 0]},{[. 5, .6], [.7, ,8]}>, <x 2 ,{[.7, 1], 
[. 5, ,9]},{[0, 0],[0, 0]},{[. 3, .4], [.2, ,7]}>} 

Proposition 3.30. Let A, B, C G NVINS(X).Then, 

1. A aA=VA. 

2. A (A U B)QA A UA B. 

3. A (A IT B)QA A (TA B 

4. A (A+B)QA A+ A B. 

Proof. The proof is straightforward. 



Definition 3.31. Let A and B be two n-valued interval neutrosophic sets. Then, 
false-Favorite of A, denoted by VA, is defined by 
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VA= 

{x([inf 7^(x) , sup T}(x)], [inf 7^(x) , sup 7^(x)],..., 

[inf (x) , sup T% (*)]), ([0,0], [0,0],. ..,[0,0]), [min(infFi(x) + 
inf/J(x), l),min(supF^(x) + sup /|(x), 1) ], [min(infF|(x) + 
inf/|(x), l),min(supF|(x) + sup /|(x), 1) ],...,[min(inf/^ p (x) + 
inf/ p (x), l),min(sup/^ p (x) + sup/ p (x), 1) ]): x G X) 

Example 3.32. Let X={x x , x 2 ) be the universe and A and B are two n-valued 
interval neutrosophic sets 



A= { <x 1 ,{[.l, .2], [.2, .3]}, {[.4, .5], [.6, .7]}, {[.5, .6], [.7, ,8]}> 
<x 2 ,{[.l, .4], [.1, .3]}, {[.6, .8], [.4, .6]}, {[.3, .4], [.2, ,7]}>) 



and 



Then, 



B= { <x 1 ,{[.3, .7], [.3, .5]}, {[.2, .4], [.3, .5]}, {[.3, .6], [.2, ,7]}>, 
<x 2 ,{[.3, .5], [.4, .6]}, {[.3, .5], [.4, .5]}, {[.3, .4], [.1, ,2]}>) 



VA = { <x lf {[.l f .2], [.2, ,3]},{[0, 0],[0, 0]},{[. 9, 1], [1, 1]}>, 
<x 2 ,{[.l, .4], [. 1, ,3]},{[0, 0], [0, 0]},{[. 9, 1], [.6, !]}>} 



Proposition 3.33. Let A, B, C G NVINS(X). Then, 

1. VVA = VA. 

2. V(A U 6) £ V4 U VB. 

3. V(AnB)c VAn VB. 

4. V(A+B) c VA+VB. 



Proof : The proof is straightforward. 

Here V, A, +, . , / ,7 , / denotes maximum, minimum, addition, multiplication, 
scalar multiplication, scalar division of real numbers respectively. 

Definition 3.34. Let E is a real Euclidean space E n . Then, a NVINS A is convex if 
and only if 

inf7]](x)(Ax 1 +(1- A) x 2 )> min(inf Tf(xf), infF](x 2 )), 
sup 7]](x)(Ax 1 +(1- A) x 2 )> min(sup Tf(xf), sup 7]](x 2 )), 
inf If (x) (Ax x +(1- A) x 2 )< minfinf/J^X!), inf/J l (x 2 )), 
sup /J l (x)(Ax 1 +(1- A) x 2 )< min(sup i^ixf), sup /Ji(x 2 )), 
inf F](x)(Ax 1 +(1- A) x 2 )< minfinfF^Xi), infF^(x 2 )), 
sup Ff(x)[Ax 1 +(1- A) x 2 )< minfsupF^Cx!), sup F^(x 2 )), 



for allXi, x 2 G E and all A G [0 ,1] and i= 1, 2,..., p. 



Theorem 3.35. If A and B are convex, so is their intersection. 



Critical Review. Volume X, 2015 




58 Said Broumi, Irfan Deli, Florentin Smarandache 

N-Valued Interval Neutrosophic Sets and Their Application in Medical Diagnosis 



Proof: Let C=AnB 

InfFg (Ax x +(1- X] X2 ) > min (Inf Tj [Ax t +(1- A)x 2 ) , Inf Fg ( Ax ± 

+(1- A)x 2 )) ,sup Fg [Ax x +(1- A)x 2 ) > min (sup Tj [Ax ± +(1- A)x 2 ) , 
sup Tg (Ax ± +(1- A)x 2 )) , , Inf I J C (Ax x +(1- A)x 2 )< max (Inf [Ax ± 
+(1- A)x 2 ) , Inf I J B (Ax x +(1- A)x 2 )), sup I J C (Ax x +(1- A)x 2 ) < max 
(sup (Ax x +(1- A)x 2 ) , sup i J B (/bq +(1- A)x 2 )) , InfF c ; (Ax x +(1- 
A)x 2 )< max (Inf fJ (Ax-l +(1- A)x 2 ) , Inf Fg (Ax x +(1- A)x 2 )), 
supF c ; (Ax x +(1- A)x 2 ) < max (inf Fj (Ax x +(1- A)x 2 ) ,inf F^ (Ax x 
+(1- A)x 2 )) since A and are convex: Inf T A (Ax x +(1- A)x 2 ) > min 
(Inf Tj ( x x )+ Inf Tj ( x 2 )), sup tJ [Ax l +(1- A)x 2 ) > min (sup t[ 

( x x )+ sup Tj ( x 2 )) , Inf [Ax l +(1- A)x 2 ) < max (Inf l ] A ( x x )+ Inf 
1 a ( x 2 )) > SU P 1 a C^ x i +(1- A)x 2 )<max (sup I A ( x ± )+ sup I A 
( x 2 )) ,inf fJ (Ax x +(1- A)x 2 )<max (inf F ( x x )+ inf fJ ( x 2 )) , 
sup F a (Ax ± +(1- A)x 2 )<max (sup F A ( x x )+ sup F A ( x 2 )) , 
inf Fg (Ax x +(1- A)x 2 )>max (inf Fg (x x )+ inf Fg (x 2 )) , sup Fg 
(Ax x +(1- A)x 2 )>min (sup Fg ( x x )+ sup T a ( x 2 )) , inf 7g (Ax x +(1- 
A)x 2 )<max (inf I B ( x x )+ inf I A ( x 2 )) , sup I B [Ax ± +(1- A)x 2 <max 
(sup /g ( x x )+ sup I A ( x 2 )) , inf Fg (Ax x +(1- A)x 2 )<max (inf F B 
( x t )+ inf F a ( x 2 )) , sup Fg (Ax x +( 1- A)x 2 )<max (sup F B ( x x )+ 
sup Fj (x 2 )). 

Hence, 

infFg (Ax x +(1- A)x 2 )>min(min (inf Tj ( x ± )+ inf Tj ( x 2 )) , min 
(inf Fg ( x x )+ inf Fg ( x 2 )))= min (inf Tj ( x x )+ inf Fg ( x x )), min 
(inf Tj ( x 2 )+ inf Fg ( x 2 ))= min (inf Fg ( x ± )+ inf tJ ( x 2 )), 
sup Fg (Ax x +(1- A)x 2 )>min(min (supF^ ( x x )+ sup T A ( x 2 )) , min 
(sup Fg ( x ± )+ sup Fg ( x 2 )))= min (supF^ ( Xl )+sup Fj ( Xl )), 
min (sup T A ( x 2 )+ sup T B ( x 2 ))= min (sup Fg ( x x )+ sup Fg 
(x 2 )), 

inf /g (Ax x +(1- A)x 2 )<max(max (inf 1 A ( x x )+ inf I A ( x 2 )) , max(inf 
1 ] B ( x x )+ inf I J B ( x 2 )))= max(inf/^ ( x x )+inf l ] B ( x x )),max (inf I l 
( x 2 )+ inf I ] B ( x 2 ))= max (inf I ] c ( x ± )+ inf l ] c ( x 2 )). 

Definition 3.36. An n-valued interval neutrosophic set is strongly convex if for 
any two points x x and x 2 and any A in the open interval (0.1). 

infF > 5(x)(Ax 1 +(1- A) x 2 )> minfinfF^Xi), infF^(x 2 )), 
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sup T a (x)(Ax 1 +(1- A) x 2 )> min(sup T^CxD, sup 7^(x 2 )), 
inf I\ (x) [Ax 1 +(1- A) x 2 )< minfinf/^xD, inf/J l (x 2 )) ; 
sup /^(x)(Ax 1 +(1- A) x 2 ) < min(sup i\ (xf), sup /Ji(x 2 )), 
infF|(x)(Ax 1 +(1- A) x 2 ) < minfinfF^xD, infF4(x 2 )), 
supF^(x)(Ax 1 +(1-A) x 2 ) < min(sup F^Xi), supF4(x 2 )), 
for albq ,x 2 in X and all A in [0 ,1] and i= 1, 2,...,p. 

Theorem 3.37. If A and B are strongly convex, so is their intersection. 

Proof. The proof is similar to Theorem 3.25 



4 Distances between n-valued interval neutrosophic sets 

In this section, we present the definitions of the Hamming, Euclidean distances 
between n-valued interval neutrosophic sets, generalized weighted distance 
and the similarity measures between n-valued interval neutrosophic sets 
based on the distances, which can be used in real scientific and engineering 
applications. 

On the basis of the Hamming distance and Euclidean distance between two 
interval neutrosophic set defined by Ye in [43], we give the following Hamming 
distance and Euclidean distance between NVINSs as follows: 

Definition 4.1 Let A and B two n-valued interval neutrosophic sets, Then, the 
Hamming distance is defined by: 

1- d HD = JSj = i^Ef=i[|infT|(Xi) - infTg (xj) | + |supT^(x;) - 

su pTg(xi)| + |infl^(xi) - infig (xj) | + |supl^(x;) - 

supl^(xi)| + \infF ] A (xO - infFg(x)| + |supF^(x;) - 
supF^(x)|] 

The normalized Hamming distance is defined by: 

2- d W nD=^; =1 ^Sili[|infT|(x i ) - infT^( Xi )| + |supT|( Xi ) - 

su pTg(xi)| + |infl^(xi) - infig (xj) | + |supl^(x;) - 

suplg (xj) | + |/n/F^(xi) - infF^(x)| + |sitpF\(xj) - 

supF^(x)|] 

However, the difference of importance is considered in the elements in the 
universe. Therefore, we need to consider the weights of the elements X; (i=l, 
2,..., n) into account. In the following, we defined the weighted Hamming 
distance with w={w x ,w 2 ,...,w n ) 
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3- eighted normalized Hamming distance is defined by: 

JZj =1 ^Z”=iWi[|infTi(x i )-infTj(x i )| + |supT|(xj) - 
su pTg (xj) | + |infli(Xi) - infig (xj) | + |supl^(xj) - 

supl^(xi)| + |in/F^(xi) - infFg(x)| + |supF^(xj) - 

siapFg (x) |] 

11 1 

If Wi= then (3) reduces to the Normalized Hamming distance. 



Example 4.2. Let X={x x , x 2 } be the universe and A and B are two n- valued 
interval neutrosophic sets 



A= { <x 1 ,{[.l, .2], [.2, .3]}, {[.4, .5], [.6, .7]}, {[.5, .6], [.7, ,8]}>, 
<x 2 ,{[.l, .4], [.1, -3]}, {[.6, .8], [.4, .6]}, {[.3, A], [.2, ,7]}>} 



and 



B= { <x 1 ,{[.3, .7], [.3, .5]}, {[.2, A], [.3, .5]}, {[.3, .6], [.2, ,7]}> 
<x 2 ,{[-3, .5], [A, .6]}, {[.3, .5], [A, .5]}, {[.3, A], [A, .2]}>} 



Then, we have d HD — 0.4. 

Definition 4.3. Let A, B two n-valued interval neutrosophic sets. Thus, 

1. The Euclidean distance d ED is defined by: 

d E D=^l!j= [(infT|(xi) - infTj(Xi)) + (supT^xj) - 
2 2 

supT^(xi)) + (infl^(Xj) - infl J B (Xi)) + (supl^xj) - 

supl^(xj)) + (in/F^(Xi) — infF^(x)) + (supF^(Xj) - 
1 

siapFg (x)) 2 j J 2 



2. The normalized Euclidean distance d NED is defined by: 

d NE D=^I. P j=ij^Id=i (infT^Cxj) — infTg(Xj)j + (supT^Xj) 
2 2 

supTg(xi)^ + (infl^(xi) - infl^(xi)) + (supl\(xj) - 
+ (in/F^Cxj) - 



suplg(xi)) 

1 

srapFg (x)) 2 j J 2 



infFg(Xi)) + (sitpF^(xi) 



However, the difference of importance is considered in the elements in the 
universe. Therefore, we need to consider the weights of the elements x ; (i=l, 
2,..., n) into account. In the following, we defined the weighted Euclidean 
distance with w={w x ,w 2 ,...,w n } 
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3. The weighted Euclidean distance d WED is defined by: 

dwED=^I.% 1 j^I.?=iWi [(infT^(Xi) - infT^(Xj)) + 

2 2 

(supT^) - supTg(xi)^ + (infl^(Xj) - influx;)) + 

(supl^(xi) - suplg(xj)^ + (m/F^(xi) - influx)) + 

1 

(supF^(xi) - supFg(x)) ]J 2 

11 1 

If W; — (-, — ,..., — ), then (3) reduces to the Normalized Euclidean distance. 

K n n n J v J 



Example 4.4. Let X={x l7 x 2 } be the universe and A and B are two n- valued 
interval neutrosophic sets 



A= { <x 1 ,{[.l, .2], [.2, .3]}, {[.4, .5], [.6, .7]}, {[.5, .6], [.7, ,8]}> 
<x 2 ,{[.l, .4], [.1, -3]},{[.6,.8], [.4, .6]}, {[.3, .4], [.2, ,7]}>} 



and 



B= { <x 1 ,{[.3, .7], [.3, .5]}, {[.2, .4], [.3, .5]},{[.3, .6], [.2, .7]}> 
<x 2 ,{[.3, .5], [A, .6]}, {[.3, .5], [A, .5]}, {[.3, .4], [.1, ,2]}>}, 



then, we have d ED - 0.125. 



Definition 4.5. Let A, B two n-valued interval neutrosophic sets. Then based on 
Broumi et al.[ll] we proposed a generalized interval valued neutrosophic 
weighted distance measure between A and B as follows: 



dx(A,B)= [^ =1 ^If = iW* |infT^(xi) -infT^(x i )f 



+ 



| supTj^ (Xj) - supTg (xj) | + | inf 1^ (x;) - inf 1^ (xf | + 
|supl^(xi) -supl^(xi)| + |inf F^(xi) - infF^(x)| + 



|sup F^(xi) — sup F^(x)| A | 



11 1 

If A - 1 and W; = then the above equation reduces to the normalized 

n n n 

Hamming distance. 

11 1 

If A=2 and W;=(-, — ),then the above equation reduces to the normalized 

n n n 

Euclidean distance. 

Theorem 4.6. The defined distance d K (A, B) between NVINSs A and B satisfies 
the following properties (1-4), for (k=HD, NHD, ED, NED); 



1. d k (A, B) > 0, 

2. d k (A, B) =0 if and only if A = B; for all A,B G NVINSs, 
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3. d k (A, B) = d k (B, A), 

4. If Ac B c C, for A,B,CG NVINSs, then d k (A, C) > d k (A, B) and 
d k (A, C) > d k (B, C). 

Proof: it is easy to see that d k (A, B) satisfies the properties (D1)-(D3). 
Therefore, we only prove (D4). Let A Q B<= C, then, 

inf T^x,) < inf T^(xi) < inf T^(xi) ,supf T^(xi) < sup T^(x,) < 
sup T^(Xj),inf I^(Xj) > inf I J B (xj) > inf I j, (Xj) ,supf I^(Xj) > 
sup Ig (xj) > sup lJ,(Xi), 

and 

inf F^(xj) > inf F^(Xj) > inf Fj : (x i ),supf F^(xj) > sup F^(Xj) > 
sup F^(Xi), 

for k= (HD, NHD, ED, NED), we have 

|infT^(Xj) - infT^(Xi)| < |infT^(Xi) - infT^ (xj) | ,|supTi(Xj) - 

■ k ' ' k 

supTg (xj) | < |supT^(Xj) - supT^(xi)| , 

| infTg (xj) - infTj (xj) | < | infT^ (xj) - infTj (Xj) | , | supT^ (Xj) - 
su pTg (xj) | < |supT^(xi) - supT^(xi)| , 

|inf li(Xj) - inf Ig(Xi)| < |inf I^(Xj) - inf I J c (Xi)| ,|sup I^(Xj) - 

■ k ' k 

sup li(Xi)| < | sup I^(Xi) - sup lt( Xi )| , 

|inf I^(Xj) - inf lj,(xi)| < |inf I^Xj) - inf ij, (Xj) | ,|sup I J B (Xj) - 

■ k ‘ k 

sup li(Xi)| < | sup I^(Xi) - sup I^(Xi)| 

|inf I^(Xj) - inf I^(Xj)| < |inf I^(Xj) - inf I ] c (xi) | ,|sup I^(Xj) - 

■ k ' k 

sup Ig (Xj) | < I sup I^CXi) - sup ij-CxOl , 

|inf Ig(Xj) - inf ij-CxOl < |inf I^(Xj) - inf 1^ (xj) | ,|sup I J B (xj) - 

■ k ' k 

sup Ig (Xj) | < I sup I^CXi) - sup Ij-Cxj)! , 

|inf F^(Xi) - inf F^(Xj)| < |inf F^(Xj) - inf F^Cxj) | ,|sup F^(Xj) - 

■ k ■ ' k 

sup Fg(xi)| < | sup F^(Xj) - sup F{,(Xi)| , 

|inf F^(Xi) - inf F{,(Xi)| < |inf F^(Xj) - inf F^Cxj) | , 

|sup Fg(xi) - sup Fg(xi)| < |sup F^(xi) - sup F^(xi) | 

Hence 
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|infri(x i )-infTj(x i )| + |supTi(xj) - supT^(xi)| + |inf ij^Xj) - 
infl^( x i)| +|supl^(xi) -supl^(xi)| +|infF] v (x i ) - 
inf F^(xj) | +|sup F^(Xj) - sup F^(Xj)| < |infT|(Xj) - 
infT c (Xi) | +|supT^(Xi) — supT^(xj)| +|inf I^(Xi) — 

■ k ' k 

inf ij-. (xi) | +|sup I^(xi) — sup Ic(xi)| + |infF^(xi) — 

■ k ' k 

inf Fc(xi)| +|sup F^(xi) — sup F^. (x A ) | 

1 p i n 

p'Li'L l infI i (Xi) - infTg (xj) | + | supT| (Xj) - supT^ (xj) | 

^ 7 = 1 i=l 

+ |infl\(xi) - inf I^(xi)| 

■ ■ k 

+ | sup I^(Xi) - sup Ig(Xj) | 

+ |infF^(xi) - inf Fg(xi)| 

+ | sup F^(xi) - sup Fg(xi)| 

P n 

-^Z^Zl infT A (Xi)_infT C (X i)| k 

j = 1 i=l 

* ■ k 

+ |supT^(xi) - supT^(xi)| 

+ |infl\(xi) - inf lj,(xi)| 

k 

+ | sup li( Xi ) - sup lt( Xi )| 

+ | inf F^(xi) — inf F^ (x A ) | 

■ ■ k 

+ | sup F^(xi) - sup Fj,(xi)| 

Then d k (A, B) < d k (A, C) 

■ ■ k ' k 

| infTg (xj) — infT^(xi)| +|supTg(xj) — supT^.(xi)| +|inflg(xi) — 

■ k ' k 

inf ij-. (xj) | +|sup Ig(xi) — sup ij-. (xj) | +|infFg(xi) — 

• k ' k 

inf F[.(xi)| +|sup Fg(xj) — sup Fj, (x A ) | < |infT^(xi) — 
infrj(Xi)| +|supT^(xi) — supT^(xj)| + |inf I^x,) - 
inf ij, (Xj) | +|sup I^(xj) sup lj-.(xj)| +|inf F^(Xi) — 

■ k ' k 

inf Fj-. (xj) | +|sup F^(xi) — sup Fj,(xi)| 
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1 P i n 

- X 6~ X I infI B ^ “ infT c ^ I + I SUpT B ^ ~ SU P T C ( X i) I 

+ | inf IgCxj) — inf I j, (x A ) | + |sup I^Cx;) — sup I^Cxj) | 

+ | inf F^(xj) — inf F^Xi)! + |sup F^(xi) — sup F^. (x A ) | 

P n 

- X \ Z i infr ^ (xi) ~ infr ^ (xi) i k 

j= 1 i= 1 

+ IsupT^Cxj) — supT^(xi)| + |inf I^(xi) — inf 1^-. (xj) | 

+ | sup I^(xi) — sup I J C (xj) | + | inf F^(xj) — inf Fj,(xi) | 

+ | sup F^(xi) - sup F^(xi) | 

Then d k (B, C) < d k (A, C). 

Combining the above inequalities with the above defined distance formulas 
(l)-(4), we can obtain that d k (A, B) < d k (A, C) and d k (B, C) < d k (A, C) for k= 
(HD, NHD, ED, NED). 

Thus the property (D4) is obtained. 

It is well known that similarity measure can be generated from distance 
measure. Therefore we may use the proposed distance measure to define 
similarity measures. 

Based on the relationship of similarity measure and distance we can define 
some similarity measures between NVINSs A and B as follows: 

Definition 4.7. The similarity measure based on s NV ins(A, B) = l-d k (A, B), 
s nvins(AB) is said to be the similarity measure between A and B, where A, B 
G NVINS. 

Theorem 4.8. The defined similarity measure s NV ins(A B) between NVINSs 
A and B satisfies the following properties (1-4), 

1- s NV insCA, B) = s NV ins(B, A). 

2. s NV ins(A, B) = (1, 0, 0) = 1 .if A=B for all A, B G NVINSs. 

3. s NV ins(A, B) £[0,1] 

4. If AcBcC for all A, B, C G NVNSs then s NV ins(A, B)> 

s nvins(A, C) and s NV ins(B, C) > s NV ins(A, C). 

From now on, we use 

{ [inf T\ (x) , sup T\ (x)], [inf l\ (x) , sup l\ (x)], 

\ [ inf Fl{x),su V Fl{x)\ 
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'[inf r/ (x) , sup Tl (x)], [inf /X (x) , sup if (x)],Y 
, \\nf F/ ( x ), sup F/ ( x )]), ) )mX i 



instead of 



A= { x , 



/[infrX(x) , sup rX(x)], [inf 7X(x) , sup T%(x)], ... A 
V [ inf (*) - sup Tf (x)] / 

/ [inf If (x) , sup If (x)], [inf if (x) , sup if (x)], ....A 
V [inf/X(x),sup/X(x)] / 

( [infF 4 1 (x),supF 4 1 (x)] ,( [inf (x), sup F^(x)] 

([inf F^(x), sup Ff(x)])\x E E}. 



5 Medical Diagnosis using NVINS 

In what follows, let us consider an illustrative example adopted from 
Rajarajeswari and Uma [32] with minor changes and typically considered in 
[17,20,37]. Obviously, the application is an extension of intuitionistic fuzzy 
multi sets [17,20,32,33,34]. 

"As Medical diagnosis contains lots of uncertainties and increased volume of 
information available to physicians from new medical technologies, the 
process of classifying different set of symptoms under a single name of disease 
becomes difficult. In some practical situations, there is the possibility of each 
element having different truth membership, indeterminate and false 
membership functions. The proposed similarity measure among the patients 
Vs symptoms and symptoms Vs diseases gives the proper medical diagnosis. 
The unique feature of this proposed method is that it considers multi truth 
membership, indeterminate and false membership. By taking one time 
inspection, there may be error in diagnosis. Hence, this multi time inspection, 
by taking the samples of the same patient at different times gives best 
diagnosis" [32]. 

Now, an example of a medical diagnosis will be presented. 

Example 5.1. Let P={Pi,P2,P3} be a set of patients, D={Viral Fever, Tuberculosis, 

Typhoid, Throat disease} be a set of diseases and S={Temperature, cough, 
throat pain, headache, body pain} be a set of symptoms. Our solution is to 
examine the patient at different time intervals (three times a day}, which in 
turn give arise to different truth membership, indeterminate and false 
membership function for each patient. 
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Table I: Q (the relation Between Patient and Symptoms) 



Q 


Temperature 


Cough 


Throat pain 


Headache 


Body Paiii 


Pi 


[,3,.4].[.4..5],[.3.,7] 

[0..3].[.1..3].[0..5] 

[0..6],[.4,.5].[.3,.4] 


[,1..2].[.3,.6].[.6..8] 

[0,-5],[.4,.7],[.4,.5] 

[■2,.3],[0..5].[.4..6] 


[0..5].[.2..6].[0..4] 
[.3. .4]. [.2. .3. [.3. .4] 
[0..7].[.3,.7].[.3,.5] 


[,2..3].[.3,.5],[0..7] 

[.4..5],[.4..7].[.3,.6] 

[,2..6].[0..6].[.3..4] 


[0..4].[.6..7].[.2..5] 

[.2..4],[.4..5].[.1..2] 

[,1..3].[.1..3].[.2,,3] 


P2 


[2,.3].[.4..5].[.1,.2] 

[4..5].[.2,.5],[0,.3] 

r.6..7,r.4,.5i,r.4,.5i 


[.5..7].[0..4].[.7..8] 

[.6..7].[0..5].[.4..5] 

r.4..6U.2..71.[0..31 


[.5..6].[0..6].[.2,.3] 

[4..7].[.4..6],[.3,.4] 

r.l..3U.2..3U.5,.71 


[.2,.5].[.5..6].[.1..5] 

[,2,.3].[.2,.5].[.5..6] 

r.l..3U.3,.4U.4..51 


[.2,.4].[.4..6].[.1..4] 

[0..5].[.2..4].[.5..6] 

r.5..71.r0..71.[.2..41 


P3 


[,1..3].[0..5].[.4,.6] 

[1..2].[.3,.4],[.2,.5] 

[.2..4].[.4..5].[.3..7] 


[-2— 3].[.0..7].[. 1..4] 
[.5..6],[0..3].[.3..5] 
[,3..5].[.2..5].[.4..6] 


[.2..4].[.3,.6].[0,.6] 

[,4..5].[0..3],[.3..4] 

[.5,.7].[.4..6],[.3„7] 


[.2,.3],[.5,.6],[.4..5] 

[,2..4].[0..4].[.2..7] 

[.4..5].[.2..3].[.3..5] 


[0..6].[.4..7].[.2..3] 

[.2..3].[.2..3].[.1..2] 

[.0..6].[.2..4].[.4..6] 



Let the samples be taken at three different timings in a day (in 
08 : 00 , 16 : 00 , 24 : 00 ). 



Table II: R (the relation among Symptoms and Diseases) 



R 


Viral Fever 


Tuberculosis 


Typhoid 


Tluoat diseas 


Temeratiue 


[.2. .4], [.3. .5], [.3. .7] 


[.1,.4].[.2,.6],[.6..7] 


[0,.3].[.4,.6].[0..2] 


[.3..4].[.2..5].[0..6] 


Cough 


[,2..4].[.2..3].[0..5] 


[.3..4].[.2..5].[.7..S] 


[,3..4].[.2..3].[.1..2] 


[,4..5].[.1..3].[0..5] 


Throat Pain 


[0,.4],[.2,.4].[.2..4] 


[0..2.[.3..6].[.6,.7] 


[1..2],[.4,.5].[.3..4] 


[.2..4].[.2,.5].[.3,.7] 


Headache 


[,4..7].[0,.3].[.3,.5] 


[. 1..2].[0..5].[0..6] 


[,3..4].[.2..3].[.2.,5] 


[0..3].[.3..6].[.2..5] 


Body Pain 


[.1,.4],[.2..5].[.3..4] 


[,5..7].[.4..5].[.2.5] 


[.2. .3]. [.2. .4], [.2. 3] 


[0..4].[.1..2].[.1.3] 



Table III: The Hamming distance between NVTNS Q and R 



Hannning 

Distauce 


Viral Fever 


Tuberculosis 


Typhoid 


Tluoat diseas 


Pi 


0.1511 


0.1911 


0.1678 


0.1689 


P 2 


0.1911 


0.2089 


0.1789 


0.1644 


P 3 


0.1433 


0.1967 


0.1533 


0.1456 



Table TV : The similarity Measure between NVINS Q and R 



Similarity 

measure 


Viral Fever 


Tuberculosis 


Typhoid 


Tluoat diseas 


Pi 


0.8489 


0.8089 


0.8322 


0.8311 


p 2 


0.8089 


0.7911 


0.8211 


0.8356 


p 3 


0.8567 


0.8033 


0.8467 


0.8544 



The highest similarity measure from the Table IV gives the proper medical 
diagnosis. Therefore, patient Pi suffers from Viral Fever, P2 suffers from Throat 
disease and P3 suffers from Viral Fever. 



6 Conclusion 

In this paper, we give n-valued interval neutrosophic sets and desired 
operations such as; union, intersection, addition, multiplication, scalar 
multiplication, scalar division, truth -favorite and false-favorite. The concept of 
n-valued interval neutrosophic set is a generalization of interval valued 
neutrosophic set, single valued neutrosophic sets and single valued 
neutrosophic multi sets. Then, we introduce some distances between n-valued 
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interval neutrosophic sets (NVINS) and propose an efficient approach for 
group multi-criteria decision making based on n-valued interval neutrosophic 
sets. The distances have natural applications in the field of pattern recognition, 
feature extraction, region extraction, image processing, coding theory etc. 



7 References 

in A. A. Salama, 0. M. Khaled and K. M. Mahfouz, Neutrosophic Correlation 
and Simple Linear Regression, Neutrosophic Sets and Systems, 5 (2014) 
3-8. 

[ 2 ] M. Arora, R. Biswas, U. S. Pandy, Neutrosophic Relational Database 
Decomposition, International Journal of Advanced Computer Science 
and Applications, 2/8 (2011) 121-125. 

[3] K. T. Atanassov, Intuitionistic Fuzzy Set, Fuzzy Sets and Systems, 20(1) 
(1986) 87-86. 

[4] M. Bhowmik and M. Pal, Intuitionistic Neutrosophic Set, Journal of 
Information and Computing Science, 4/2 (2009) 142-152. 

[5] M. Bhowmik and M. Pal, Intuitionistic Neutrosophic Set Relations and 
Some of Its Properties, Journal of Information and Computing Science, 
5/3 (2010) 183-192. 

[6] S. Broumi and F. Smarandache, Cosine Similarity Measure of Interval 
Valued Neutrosophic Sets, Neutrosophic Sets and Systems, 5 (2014) 15- 
20 . 

m M. Bhowmik and M. Pal, Intuitionistic Neutrosophic Set Relations and 
Some of Its Properties, Journal of Information and Computing Science, 
5/3 (2010) 183-192. 

[8] S. Broumi and I. Deli, Correlation measure for neutrosophic Refined sets 
and its application in medical Diagnosis, Palestine journal of 
mathematics, 5(1) (2015), accepted. 

[9] S. Broumi, R. Sahin, F. Smarandache, Generalized Interval Neutrosophic 
Soft Set and its Decision Making Problem, Journal of New Results in 
Science, 7 (2014) 29-47. 

[10] S. Broumi, I. Deli, and F. Smarandache, Relations on Interval Valued 
Neutrosophic Soft Sets, Journal of New Results in Science, 5 (2014) 1-20. 

[11] S. Broumi, I. Deli and F. Smarandache, Distance and Similarity Measures 
of Interval Neutrosophic Soft Sets, Critical Review, Center for 
Mathematics of Uncertainty, Creighton University, USA, 8, (2014) 14- 
31. 

[ 12 ] S. Broumi, F. Smarandache, Single valued neutrosophic trapezoid 
linguistic aggregation operators based multi-attribute decision making, 



Critical Review. Volume X, 2015 




68 



Said Broumi, Irfan Deli, Florentin Smarandache 

N-Valued Interval Neutrosophic Sets and Their Application in Medical Diagnosis 



Bulletin of Pure & Applied Sciences- Mathematics and Statistics, 33/2 
(2014) 135-155. 

[13] S. Broumi, F. Smarandache, Interval Valued Neutrosophic Soft Rough Set, 
International Journal of Computational Mathematics. (2015), http://dx 
doi.org/10. 1155/2015/232919. 

[14] S. Broumi, F. Smarandache, Neutrosophic refined similarity measure 
based on cosine function, Neutrosophic Sets and Systems, 6 (2014) 41- 
47. 

[15] S. Broumi, F. Smarandache, Single valued neutrosophic soft expert soft 
set and its application, Journal of New Theory 3, (2015) 67-88. 

[16] S. Broumi, F. Smarandache, Interval neutrosophic rough sets, 
Neutrosophic Sets and Systems, 7 (2015) 23-31. 

[17] S. Broumi, I. Deli and F. Smarandache, Distance and Similarity Measures 
of Interval Neutrosophic Soft Sets, Critical Review, Center for 
Mathematics of Uncertainty, Creighton University, USA 8 (2014) 14-31. 

[18] S. Broumi, I. Deli, Correlation Measure for Neutrosophic Refined Sets and 
its application in Medical Diagnosis, Palestine Journal of Mathematics, 
(2015) in press. 

[19] S. Broumi, F. Smarandache, Soft Interval Valued Neutrosophic Rough 
Sets, Neutrosophic Sets and Systems, 7 (2015) 69- 80. 

[ 20 ] R. Chatterjee, R. Majumdar, S. K. Samanta, Single valued neutrosophic 
multisets, Annals fuzzy mathematic and information science, (2015). 

[ 2 1] H. D. Cheng, Y Guo. A new neutrosophic approach to image thresholding, 
New Mathematics and Natural Computation 4(3) (2008) 291-308. 

[ 22 ] I. Deli and S. Broumi, Neutrosophic Soft Relations and Some Properties, 
Annals of fuzzy mathematics and informatics, 9/1 (2015)169-182. 

[23] I. Deli, S. Broumi and F. Smarandache, On neutrosophic multisets and its 
application in medical diagnosis (2015) (submmited). 

[24] I. Deli and S. Broumi, Neutrosophic Soft Matrices and NSM-Decision 
Making, Journal of Intelligent & Fuzzy Systems, DOI:10.3233/IFS- 
141505. 

[25] I. Deli, Interval-valued neutrosophic soft sets and its decision making 
http:/ /arxiv.org/abs/1402.3130. 

[ 26 ] M. Dhar, S. Broumi and F. Smarandache. A Note on Square Neutrosophic 
Fuzzy Matrices, Neutrosophic sets and systems, 3 (2014) 37-41. 

[27] D. Dubios and H. Prade, Rough fuzzy sets and fuzzy rough sets, Int. J. Gen. 
Syst., 17 (1990) 191-208. 

[ 28 ] P. K. Maji, Neutrosophic soft set, Annals of Fuzzy Mathematics and 
Informatics, 5(1) (2013) 157-168. 

[29] P. Majumdar, S. K. Samanta, On similarity and entropy of neutrosophic 
sets, Journal of Intelligent and Fuzzy Systems, DOI:10.3233/IFS-130810. 



Critical Review. Volume X, 2015 




Said Broumi, Irfan Deli, Florentin Smarandache 69 
N-Valued Interval Neutrosophic Sets and Their Application in Medical Diagnosis 



[30] F. G. Lupianez, On neutrosophic topology , Kybernetes, 37/6 (2008) 797- 
800. 

[31] Z. Pawlak, Rough sets, International Journal of Computer and 
Information Sciences 11/4 (1982) 341-356. 

[32] P. Rajarajeswari and N. Uma, On Distance and Similarity Measures of 
Intuitionistic Fuzzy Multi Set, IOSR Journal of Mathematics, 5(4) (2013) 
19-23. 

[33] P. Rajarajeswari and N. Uma, A Study of Normalized Geometric and 
Normalized Hamming Distance Measures in Intuitionistic Fuzzy Multi 
Sets, International Journal of Science and Research, Engineering and 
Technology, 2(11) (2013) 76-80. 

[34] P. Rajarajeswari, N. Uma, Intuitionistic Fuzzy Multi Relations, 
International Journal of Mathematical Archives, 4(10) (2013) 244-249. 

[35] P. Rajarajeswari, N. Uma, Correlation Measure For Intuitionistic Fuzzy 
Multi Sets, International Journal of Research in Engineering and 
Technology, 3(1) (2014) 611-617. 

[36] A. A. Salama, 0. M. Khaled and K. M. Mahfouz, Neutrosophic Correlation 
and Simple Linear Regression, Neutrosophic Sets and Systems, Vol. 5, 
(2014) 3-8. 

[37] F. Smarandache, A Unifying Field in Logics. Neutrosophy: Neutrosophic 
Probability, Set and Logic, Rehoboth: American Research Press, (1998). 

[38] F. Smarandache, n-Valued Refined Neutrosophic Logic and Its 
Applications in Physics, Progress in Physics, 4 (2013) 143-146. 

[39] H. Wang, F. Smarandache, Y. Q. Zhang, R. Sunderraman, Single valued 
neutrosophic sets, Multispace and Multistructure, 4 (2010) 410-413. 

[40] H. Wang, F. Smarandache, Y. Q. Zhang, R. Sunderraman, Interval 
Neutrosophic Sets and Logic: Theory and Applications in Computing, 
Hexis, Phoenix, AZ, (2005). 

[41] J. Ye, Similarity measures between interval neutrosophic sets and their 
multicriteria decision-making method, Journal of Intelligent & Fuzzy 
Systems, DOI: 10.3233/IFS-120724. 

[42] S. Ye, J. Fu, and J. Ye, Medical Diagnosis Using Distance- Based Similarity 
Measures of Single Valued Neutrosophic Multisets, Neutrosophic Sets 
and Systems 7 (2015) 47-52. 

[43] J. Ye, Similarity measures between interval neutrosophic sets and their 
multicriteria decision-making method, Journal of Intelligent & Fuzzy 
Systems, DOI: 10.3233/IFS-120724. 

[44] S. Ye, J. Ye, Dice similarity measure between single valued neutrosophic 
multisets and its application in medical diagnosis, Neutrosophic Sets and 
Systems 6 (2014) 48-52. 

[45] L. A. Zadeh, Fuzzy Sets, Inform, and Control, 8 (1965) 338-353. 



Critical Review. Volume X, 2015 




